
Solution Sheet

1.

2.

f(x) = −10

3
x3 +

23

2
x2 − 12x− 4

Find the first derivative,

f ′(x) = −10x2 + 23x− 12

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

−10x2 + 23x− 12 = 0

0 = 12− 23x + 10x2

0 = (2x− 3) (5x− 4)

x =
3

2
,

4

5

Find the stationary points,

x =
3

2
⇒ f

(
3

2

)
= −59

8
⇒

(
3

2
,−59

8

)
x =

4

5
⇒ f

(
4

5

)
= −596

75
⇒

(
4

5
,−596

75

)

Find the second derivative,

f ′′(x) = −20x + 23

Determine nature of the stationary points,

x =
3

2
⇒ f ′′

(
3

2

)
= −7 < 0 ⇒

(
3

2
,−59

8

)
is a maximum point.

x =
4

5
⇒ f ′′

(
4

5

)
= 7 > 0 ⇒

(
4

5
,−596

75

)
is a minimum point.

f(x) =
20

3
x3 +

11

2
x2 − 3x + 3

Find the first derivative,

f ′(x) = 20x2 + 11x− 3

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

20x2 + 11x− 3 = 0

0 = 3− 11x− 20x2

0 = (3 + 4x) (1− 5x)
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3.

x = −3

4
,

1

5

Find the stationary points,

x = −3

4
⇒ f

(
−3

4

)
=

177

32
⇒

(
−3

4
,

177

32

)
x =

1

5
⇒ f

(
1

5

)
=

401

150
⇒

(
1

5
,

401

150

)

Find the second derivative,

f ′′(x) = 40x + 11

Determine nature of the stationary points,

x = −3

4
⇒ f ′′

(
−3

4

)
= −19 < 0 ⇒

(
−3

4
,

177

32

)
is a maximum point.

x =
1

5
⇒ f ′′

(
1

5

)
= 19 > 0 ⇒

(
1

5
,

401

150

)
is a minimum point.

f(x) = 6x3 − 9

2
x2 − 20x + 1

Find the first derivative,

f ′(x) = 18x2 − 9x− 20

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

18x2 − 9x− 20 = 0

0 = 20 + 9x− 18x2

0 = (5 + 6x) (4− 3x)

x = −5

6
,

4

3

Find the stationary points,

x = −5

6
⇒ f

(
−5

6

)
=

797

72
⇒

(
−5

6
,

797

72

)
x =

4

3
⇒ f

(
4

3

)
= −175

9
⇒

(
4

3
,−175

9

)

Find the second derivative,

f ′′(x) = 36x− 9

Determine nature of the stationary points,
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4.

5.

x = −5

6
⇒ f ′′

(
−5

6

)
= −39 < 0 ⇒

(
−5

6
,

797

72

)
is a maximum point.

x =
4

3
⇒ f ′′

(
4

3

)
= 39 > 0 ⇒

(
4

3
,−175

9

)
is a minimum point.

f(x) = 8x3 + 24x2 + 24x + 8

Find the first derivative,

f ′(x) = 24x2 + 48x + 24

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

24x2 + 48x + 24 = 0

0 = −24− 48x− 24x2

0 = −24 (x + 1) (x + 1)

x = −1

Find the stationary points,

x = −1 ⇒ f (−1) = 0 ⇒ (−1, 0)

Find the second derivative,

f ′′(x) = 48x + 48

Determine nature of the stationary points,

x = −1 ⇒ f ′′ (−1) = 0 ⇒ Check the third derivative.

Find the third derivative,

f ′′′(x) = 48

Determine nature of the stationary points,

x = −1 ⇒ f ′′′ (−1) = 48 6= 0 ⇒ (−1, 0) is point of inflection.

f(x) = −5x3 + 4x2 + 12x + 1

Find the first derivative,

f ′(x) = −15x2 + 8x + 12
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6.

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

−15x2 + 8x + 12 = 0

0 = −12− 8x + 15x2

0 = (3x + 2) (5x− 6)

x = −2

3
,

6

5

Find the stationary points,

x = −2

3
⇒ f

(
−2

3

)
= −101

27
⇒

(
−2

3
,−101

27

)
x =

6

5
⇒ f

(
6

5

)
=

313

25
⇒

(
6

5
,

313

25

)

Find the second derivative,

f ′′(x) = −30x + 8

Determine nature of the stationary points,

x = −2

3
⇒ f ′′

(
−2

3

)
= 28 > 0 ⇒

(
−2

3
,−101

27

)
is a minimum point.

x =
6

5
⇒ f ′′

(
6

5

)
= −28 < 0 ⇒

(
6

5
,

313

25

)
is a maximum point.

f(x) = −4

3
x3 − 15

2
x2 + 25x

Find the first derivative,

f ′(x) = −4x2 − 15x + 25

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

−4x2 − 15x + 25 = 0

0 = −25 + 15x + 4x2

0 = (x + 5) (4x− 5)

x = −5,
5

4

Find the stationary points,

x = −5 ⇒ f (−5) = −875

6
⇒

(
−5,−875

6

)
x =

5

4
⇒ f

(
5

4

)
=

1625

96
⇒

(
5

4
,

1625

96

)
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7.

Find the second derivative,

f ′′(x) = −8x− 15

Determine nature of the stationary points,

x = −5 ⇒ f ′′ (−5) = 25 > 0 ⇒
(
−5,−875

6

)
is a minimum point.

x =
5

4
⇒ f ′′

(
5

4

)
= −25 < 0 ⇒

(
5

4
,

1625

96

)
is a maximum point.

f(x) = x3 − 12x2 + 48x− 64

Find the first derivative,

f ′(x) = 3x2 − 24x + 48

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

3x2 − 24x + 48 = 0

0 = −48 + 24x− 3x2

0 = 3 (4− x) (x− 4)

x = 4

Find the stationary points,

x = 4 ⇒ f (4) = 0 ⇒ (4, 0)

Find the second derivative,

f ′′(x) = 6x− 24

Determine nature of the stationary points,

x = 4 ⇒ f ′′ (4) = 0 ⇒ Check the third derivative.

Find the third derivative,

f ′′′(x) = 6

Determine nature of the stationary points,

x = 4 ⇒ f ′′′ (4) = 6 6= 0 ⇒ (4, 0) is point of inflection.
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8.

9.

f(x) = −4

3
x3 +

9

2
x2 + 9x− 5

Find the first derivative,

f ′(x) = −4x2 + 9x + 9

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

−4x2 + 9x + 9 = 0

0 = −9− 9x + 4x2

0 = (4x + 3) (x− 3)

x = −3

4
, 3

Find the stationary points,

x = −3

4
⇒ f

(
−3

4

)
= −277

32
⇒

(
−3

4
,−277

32

)
x = 3 ⇒ f (3) =

53

2
⇒

(
3,

53

2

)

Find the second derivative,

f ′′(x) = −8x + 9

Determine nature of the stationary points,

x = −3

4
⇒ f ′′

(
−3

4

)
= 15 > 0 ⇒

(
−3

4
,−277

32

)
is a minimum point.

x = 3 ⇒ f ′′ (3) = −15 < 0 ⇒
(

3,
53

2

)
is a maximum point.

f(x) = −5

3
x3 +

33

2
x2 − 18x− 4

Find the first derivative,

f ′(x) = −5x2 + 33x− 18

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

−5x2 + 33x− 18 = 0

0 = 18− 33x + 5x2

0 = (x− 6) (5x− 3)

x = 6,
3

5

Find the stationary points,
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10.

x = 6 ⇒ f (6) = 122 ⇒ (6, 122)

x =
3

5
⇒ f

(
3

5

)
= −461

50
⇒

(
3

5
,−461

50

)

Find the second derivative,

f ′′(x) = −10x + 33

Determine nature of the stationary points,

x = 6 ⇒ f ′′ (6) = −27 < 0 ⇒ (6, 122) is a maximum point.

x =
3

5
⇒ f ′′

(
3

5

)
= 27 > 0 ⇒

(
3

5
,−461

50

)
is a minimum point.

f(x) = −1

3
x3 +

5

2
x2 + 6x + 5

Find the first derivative,

f ′(x) = −x2 + 5x + 6

Equate to 0 to find the x-coordinate(s) of the stationary point(s),

−x2 + 5x + 6 = 0

0 = −6− 5x + x2

0 = (x + 1) (x− 6)

x = −1, 6

Find the stationary points,

x = −1 ⇒ f (−1) =
11

6
⇒

(
−1,

11

6

)
x = 6 ⇒ f (6) = 59 ⇒ (6, 59)

Find the second derivative,

f ′′(x) = −2x + 5

Determine nature of the stationary points,

x = −1 ⇒ f ′′ (−1) = 7 > 0 ⇒
(
−1,

11

6

)
is a minimum point.

x = 6 ⇒ f ′′ (6) = −7 < 0 ⇒ (6, 59) is a maximum point.
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